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POLYNOMIALS

A polynomial in x is a function that is expressible as a sum of finitely many terms of the
form cx”,

where ¢ is a constant and n is a nonnegative integer.

A general polynomial can be written in either of the following forms,

co 4+ c1x + x4+ -+ opx”
ey X" 4 Cp X"V o eyx 4
The constants cg. cq, ..., c, are called the ceoefficients of the polynomial.
The constant o is a polynomial called the zero polynomial.

Polynomials of degree 1, 2, 3, 4, and 5 are described as linear, quadratic, cubic,
quartic, and quintic, respectively.

Degres 2 Degres 3 Degres 4 Degree &
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RATIONAL FUNCTIONS

\/I

A function that can be expressed as a ratio of two polynomials is called a rational
function. If P(x) and Q(x) are polynomials, then the domain of the rational function

. Fix)
T =50
For example, the domain of the rational RIS
Function fx) = — _L|
consists of all values of x, except x =1 and x = —1. .
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ALGEBRAIC FUNCTIONS

Functions that can be constructed from polynomials by applying finitely many
algebraic operations (addition, subtraction, multiplication, division, and root
extraction) are called algebraic functions. Some examples are

fy=+vx2—4, f)=3¥x2+x), [flx)=x2(x+2)
INVERSE FUNCTIONS !
Definition. If the functions f and g satisfy the two conditions
g(f(x)) = x for every x in the domain of f
f(g(y)) =y for every y in the domain of g
Then fis an inverse of g and g is an inverse of f or that f and
g are inverse functions. We can express the equations in Definition domain of f~! = range of 7

f"l{f{,rj} =x forevery x in the domain of f range of f~' = domain of f

& b

fifr~tyn=yv forevery v in the domain of f~!

Theorem: If an equation y = f(x) can be solved for x as a function of y, say
X = g(y), then f has an inverse and that inverse is g(y)= f~'(»).

3
y=x + 1 v = Fix)

can be solved for x as a function of y
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Using x as the independent variable for both f and f~'

f_l (f(x))=x forevery x in the domain of f
f(f~'(x))=x forevery x in the domain of 7~

Example: Confirm each of the following.

(a) The inverse of f(x) = 2xis f~lx) = %,1

(b) The inverse of f(x) = x%is f~1x) = x'2.

Solution (a).

Solution (b).
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Example Find a formula for the inverse of f(x) = +/3x — 2 with x as the indepen-

dent variable, and state the domain of .
Solution

y=+3x =2
Solve this equation for x as a function of y

i

yo=3x -2
7
v =12 42

o =10"+2)
o) =12 +2)
The natural domain of above equation is (-, 4+=), whereas
is [0, +0). ey ,
the range of (x) Is [0, += domain of £~ is the range of f.
flx)y = %u-? +2), x=0

Theorem : A function has an inverse if and only if it is one-to-one
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Theorem: (The Horizontal Line Test) A function has an inverse function if and
only if its graph is cut at most once by any horizontal line.

;I.__F" n.__!:"
¥=1fx
fixy) | y= £
I . .
) | fla) = fx;)
flx) [ [ I I
I I | I
| | | |
| | - | | .
Al X7 Rl X3
X
One-to-one, since fx) = fx) Mot one-to-one, since
if X #F Xy f{.‘l.'l:l = fl:."l.'::] and A F X

Example: Use the horizontal line test to show that f(x) = x? has no inverse but
that f(x) =x* does.

' $¥ ¥= x

the inverse of f(x)=x7is f~'(x) =x

[

f(x) = x* is not invertible.

b ——— ——
Il f——— ——=
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INCREASING OR DECREASING FUNCTIONS ARE INVERTIBLE

If x; and x; are points in the domain of a

function f. then f is increasing if

flx1) < f(x2) whenever x; < x

L fid _—
and f is decreasing i f(x1) = f(x2) wheneverx; < x3

' & F
Increasing Decreasing
I I
I f(‘z} ‘r(x]} I
[ | | |
[ I I I
[ I I I
o) | o | D o
S| ] ” X e, ”
fix) < fixy) ity <x fix) = fix) iTxy <x

GRAPHS OF INVERSE FUNCTIONS

Theorem: If f has an inverse, then the graphs of vy = f(x) and v = f~'(x)
are reflections of one another about the line v = x; that is, each graph is the mirror
image of the other with respect to that line.
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RESTRICTING DOMAINS FOR INVERTIBILITY

ficn=x> x=0 and fHx)=x* x<0

Mo =vx and £l =-vx

y=x,x=0 I y=x"x20 e
5t /s
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INVERSE TRIGONOMETRIC FUNCTIONS

. AV | LY | 'y
I | |
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¥=sXx ¥=cCosXx ¥=tanx ¥=secx
—%gx:_:% O=x=m ——‘g{x-::—g' GExEn‘,x#g
4 ¥ AY LY o
g
m| B B 1 I mr
2 '\# _/
L L _f_ _f_ -
-1 1 :
mL | x _ | /’1
2 - h -
! ! -3 ~1 1
| R | P | R |
y=snx F=cos X y=tan " x F=sec T x
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FUNCTION DOMATMN EANGE BASIC RELATIOMSHIPS

sin? [1.1] R I b S e
cor” o ORI R Sy
tan-] (—oo, 403) (—m/2, m/2) z;gﬂtﬁ ;)} : xx g :fi'i x{ i::f 2

sec Msee ) =x if Osysm x=m/2
(—oo, =1] U [1, +==) [0, &/2) U (7/2. ] sec(secx) = x if > 1
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identities involving inverse trigonometric functions that are valid for —1 = x = 1:

P —1 T
sin” x4 cos x=§

cos(sin~!x) =1 —x2
sinfcos™ x) =1 —x2

x
tan(sin™! x) = ——
V1—x?
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