Using x as the independent variable for both f and f~'

f_l (f(x))=x forevery x in the domain of f
f(f~'(x))=x forevery x in the domain of 7~

Example: Confirm each of the following.

(a) The inverse of f(x) = 2xis f~lx) = %,1

(b) The inverse of f(x) = x%is f~1x) = x'2.

Solution (a).

Solution (b).
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Example Find a formula for the inverse of f(x) = +/3x — 2 with x as the indepen-

dent variable, and state the domain of .
Solution

y=+3x =2
Solve this equation for x as a function of y

i

yo=3x -2
7
v =12 42

o =10"+2)
o) =12 +2)
The natural domain of above equation is (-, 4+=), whereas
is [0, +0). ey ,
the range of (x) Is [0, += domain of £~ is the range of f.
flx)y = %u-? +2), x=0

Theorem : A function has an inverse if and only if it is one-to-one
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Theorem: (The Horizontal Line Test) A function has an inverse function if and
only if its graph is cut at most once by any horizontal line.

;I.__F" n.__!:"
¥=1fx
fixy) | y= £
I . .
) | fla) = fx;)
flx) [ [ I I
I I | I
| | | |
| | - | | .
Al X7 Rl X3
X
One-to-one, since fx) = fx) Mot one-to-one, since
if X #F Xy f{.‘l.'l:l = fl:."l.'::] and A F X

Example: Use the horizontal line test to show that f(x) = x? has no inverse but
that f(x) =x* does.

' $¥ ¥= x

the inverse of f(x)=x7is f~'(x) =x

[

f(x) = x* is not invertible.

b ——— ——
Il f——— ——=
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INCREASING OR DECREASING FUNCTIONS ARE INVERTIBLE

If x; and x; are points in the domain of a

function f. then f is increasing if

flx1) < f(x2) whenever x; < x

L fid _—
and f is decreasing i f(x1) = f(x2) wheneverx; < x3

' & F
Increasing Decreasing
I I
I f(‘z} ‘r(x]} I
[ | | |
[ I I I
[ I I I
o) | o | D o
S| ] ” X e, ”
fix) < fixy) ity <x fix) = fix) iTxy <x

GRAPHS OF INVERSE FUNCTIONS

Theorem: If f has an inverse, then the graphs of vy = f(x) and v = f~'(x)
are reflections of one another about the line v = x; that is, each graph is the mirror
image of the other with respect to that line.
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RESTRICTING DOMAINS FOR INVERTIBILITY

ficn=x> x=0 and fHx)=x* x<0

Mo =vx and £l =-vx

y=x,x=0 I y=x"x20 e
5t /s
f/
41 f.f
z/
i //
L iy
2 // .}'="|||';
1k
| [ T | Loy
= 1 2 3 4 5
1k
L y=—x
2
X
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INVERSE TRIGONOMETRIC FUNCTIONS

. AV | LY | 'y
I | |
| | i ,/
3
| | 1
| 1 1

A
1 .y

:

¥
¥
¥

;:E

%

¥=sXx ¥=cCosXx ¥=tanx ¥=secx
—%gx:_:% O=x=m ——‘g{x-::—g' GExEn‘,x#g
4 ¥ AY LY o
g
m| B B 1 I mr
2 '\# _/
L L _f_ _f_ -
-1 1 :
mL | x _ | /’1
2 - h -
! ! -3 ~1 1
| R | P | R |
y=snx F=cos X y=tan " x F=sec T x
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FUNCTION DOMATMN EANGE BASIC RELATIOMSHIPS

sin? [1.1] R I b S e
cor” o ORI R Sy
tan-] (—oo, 403) (—m/2, m/2) z;gﬂtﬁ ;)} : xx g :fi'i x{ i::f 2

sec Msee ) =x if Osysm x=m/2
(—oo, =1] U [1, +==) [0, &/2) U (7/2. ] sec(secx) = x if > 1
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identities involving inverse trigonometric functions that are valid for —1 = x = 1:

P —1 T
sin” x4 cos x=§

cos(sin~!x) =1 —x2
sinfcos™ x) =1 —x2

x
tan(sin™! x) = ——
V1—x?
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS

y=b* y=b" v (1VE(L)E L
(0<b<l) pF (b=1) {i}'r 15) {.w.} ¥ 10% 3% o
__1_ -
3 -
ple————————y=1"=1 Li
b=1 /./
] (b=1) . . | x
" -2 -1 1 2

THE NATURAL EXPONENTIAL FUNCTION

The function f(x) = e* is called the natural exponential function. ¢ =~ 2718282

APPROXIMATIONS OF & BY (1 + ‘1.-".1ij'¥

Dr. Muhammad Yousaf , CU Islamabad

AY F= a* FOR INCREASING VALUES OF x

1 1\*

Slope =1 X 1+ x (1 + ?)
0.1 1 2 = 2.000000
. 10 1.1 2.593742
> 100 1.01 2704814
1000 1.001 2716924
10,000 1.0001 2. 718146
100,000 1.00001 2. T18268
1.000.000 1.000001 2. 718280




LOGARITHMIC FUNCTIONS

flx) =log,x

THEOREM  [fb = Oand b # 1, then b* and log,, x are inverse functions.

¥ =
y=b y
Py
// CORRESPONDENCE BETWEEN PROPERTIES OF
// LOGARITHMIC AND EXPONENTIAL FUNCTIONS
/// PROPERTY OF b* PROPERTY OF lngbx
/
b i i y=log,x =1 log,1=10
s
|~ 1_ _
A/ b " Fange 15 (0, +==) Domain 15 (0, +==)
Iy . .
d Domain 15 (—==, +=<) Range 15 (—==, +=2)
. . X-3x1s 15 3 y-axis 1s a
v=Inx ifandonlyif x=¢" horizontal asymptote vertical asvmptote
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PARAMETRIC EQUATIONS
Suppose that a particle moves along a curve C in the xy-plane in such a way
that its x- and y-coordinates, as functions of time, are
x=1(t), y=9()

We call these the parametric equations of motion for the particle and refer to C
as the trajectory of the particle or the graph of called the narameter for the
equations. c
Example: Find the graph of the parametric equations

X =cost, Vv=sint (0 =<1t <2m)
Solution. One way to find the graph is to eliminate the
parameter t by noting that i

L

A moving particle with trajectory C
(x.3)
1 “ 4 5 -'R
4 L 5 gy i i !
x4+ v =sin“t +cos =1 1 .
M (1, 0)

ORIENTATION x >
The direction in which the graph of a pair of
parametric equations is traced as the

parameter increases is called the direction of

Increasing parameter. xocos iy = sint
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