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A function f is a rule that associates a unique output with each input. If the 

input is denoted by x, then the output is denoted by f (x).

Function

The equation  y = f (x) expresses y as a function of x; the variable x is 

called the independent variable (or argument) of f , and the variable y is 

called the dependent variable of  f

GRAPHS OF FUNCTIONS
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A curve in the xy-plane is the graph of some function f if and only if no 

vertical line intersects the curve more than once.

The vertical line test

The absolute value or magnitude of a real number x is defined by

THE ABSOLUTE VALUE FUNCTION

properties of absolute value

A statement that is correct for all real values of x is
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PIECEWISE-DEFINED FUNCTIONS

If x and y are related by the equation y = f(x), then the set of all allowable inputs (x-

values) is called the domain of f , and the set of outputs (y-values) that result when x 

varies over the domain is called the range of f. 

DOMAIN AND RANGE

Example

Find the natural domain of

f(x) =

If no domain is stated explicitly, then it is to be understood that the 

domain consists of all real numbers for which the formula yields a real 

value. This is called the natural domain of the function.
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Find the domain and range of

Example

Solution (a). Since no domain is stated explicitly, the domain of f is its natural domain,

To determine the range

Solution (b). The given function f is defined for all real x, except x = 1, so the natural

domain of f is

we solve for x in terms of  y
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Solution (a).

Example : An open box is to be made from a 16-inch by 30-inch piece of cardboard

by cutting out squares of equal size from the four corners and bending up the sides.

(a) Let V be the volume of the box that results when the squares have sides of length x.

Find a formula for V as a function of x.

(b) Find the domain of V .

(c) Use the graph of V to estimate the range of V .

(d) Describe in words what the graph tells you about the volume.

It is clear from the equation that  y = 1 is not in the range . So the range is

Solution (b).

Solution (c).

Solution (d).

Max. volume occurs for a value of x

between 3 and 4
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Definition: 

NEW FUNCTIONS FROM OLD

Given functions f and g, we define

Example: 

Let

Solution.

The intersection of these two domains is
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Definition: 

COMPOSITION OF FUNCTIONS

Given functions f and g, the composition of f with g, denoted

by f ◦g, is the function defined by (f ◦g)(x) = f(g(x))

The domain of f ◦g is defined to consist of all x in the domain of g for which

g(x) is in the domain of f .

Example: 

Solution The formula for f(g(x)) is
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TRANSLATIONS

The geometric effect on the graph of y = f(x) of adding or subtracting
a positive constant c to f or to its independent variable x.
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Example:  Sketch the graph of

Solution.

Example:  Sketch the graph of

Solution.
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REFLECTIONS

The graph of y = f(−x) is the reflection of the graph of y = f(x) about the y-axis because

the point (x, y) on the graph of f(x) is replaced by (−x, y). Similarly, the graph of

y = −f(x) is the reflection of the graph of y = f(x) about the x-axis because the point

(x, y) on the graph of f(x) is replaced by (x,−y) [the equation y = −f(x) is equivalent

to −y = f(x)].
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Example:  Sketch the graph of

Solution.
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STRETCHES AND COMPRESSIONS
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SYMMETRY

Theorem (Symmetry Tests)

(a) A plane curve is symmetric about the y-axis if and only if replacing x by −x in its

equation produces an equivalent equation.

(b) A plane curve is symmetric about the x-axis if and only if replacing y by −y in its

equation produces an equivalent equation.

(c) A plane curve is symmetric about the origin if and only if replacing both x by −x

and y by −y in its equation produces an equivalent equation.

Dr. Muhammad Yousaf , CU Islamabad



19

Example: Use Theorem to identify symmetries in the graph of

Solution.
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