One of the following situations occurs:
e The limit may be —oo from one side and 4o from the other.

¢ The limit may be 4-oo.
¢ The limit may be —eo.

- y=—1 y=——1_
Yo e (-’
X X
= - >

]

1 — oo
y—at T4 lim 1 5 = +eo lim — 1 5=—eo
lim xla - o r—alx—a) r—a (x—a)
x—sa

1
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Example :
2—x 2—x 2—x
(a) lm _ (b) lim _ (c) lim
x—dt (x —d)x 4+ 2) x=d- (x = d)(x +2) x=d (x —=d)y(x 4+ 2)
Solution. e T
2—x 2—x —2 2 4 ]
li —e and(b)! o0
(@) lim, G—-DHax+t2 and(b)lim_ G_dhaty conor 23
e )+ 2)
(c) Because the one-sided limits have opposite signs, all we can say about
the two-sided limit is that it does not exist.
E le: @ I x2—6x 49 PR 2x 4+ 8 © I x2=3x—10
Xxample > @) hm —-—— o e oz YN e T or 125
. o ox2_6x49  (x =3¢ , o
Solution. (a) lim ———— = lim ———— = lim (x —3) =0
. 2x +8 . 2(x +4) | 2 2
(b) xl_lpl:l xi4x—12 xI—IJ_J (x +4)(x — 3) xl_l:»"l:l x—3 7
2 _ 3y — _5 2 L | P
(C) lim - x— 10 = lim U x+4) _ — lim = + ? | .
x—}b}”—l(h—l—ji .r—rb{j—;’}{); — 5) .r—rf';!;'—ﬁ 2 g
2-3x—-10 _.ox+2 2w _ 3
SR ETo s TS T i S~ iy S - Signof 75

Dr. Muhammad Yousaf , CIIT Islamabad



Theorem: Let

_rw
flx) = 700)

be a rational function, and let a be any real number.

(@) Ifg(a) #0, then lim f(x) = f(a).

(b) Ifg(a) =0but p(a) #£ 0, then lim f(x) does not exist.
X—rd

LIMITS INVOLVING RADICALS

Example Find lim ——
x—=1 ./E— 1

Solution. x -1 (x—=D/x+1)  (x=D/x+1) i

=1 (A= D+ x—1 c#D
Therefore,

lim =1 lim (/X +1) =2

x%lﬁ—]_x—hl -

1
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LIMITS OF PIECEWISE-DEFINED FUNCTIONS
/(x+2), x<=2

Example Let flx)y = 4x* =35, —2<x=3
a4+ 13, x =3
Find 4
. . . ik
@ lim f0)  ®) lim f(x) () lim f(x) | /;T“
SOIUtion (a) _I I_I I_I | _I | | ‘i | éb
: li = i = — -2
x—llzll_ f(x) x—il’ilz_ X+ 2 * B
4_
llm f(x)— llm (x —d)=(- 2) —5=-—1 ;i
from which it follows that lim2 f(x) does not exist,
X——
Solution. (b) lim f(x) = lim (x> =5) =0 =5 = -5
x—0 x—=10
Solution. (c) lim f(x)= lim x> =5 =3 -5=4
x— 3 x— 3

lim f(x)= 1i11;+v’x+1 = 1irr;+(x+13)=¢3+1 =4
x—

x—3t

1im3 flx)y=4

18
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LIMITS AT INFINITY: END BEHAVIOR OF AFUNCTION

The behavior of a function f(x) as x increases without bound or decreases without
bound is sometimes called the end behavior of the function.

LIMITS AT INFINITY AND HORIZONTAL ASYMPTOTES

Example : |
lim — =0 and lim — =0
x— —m x—4m X
VALUES CONCLUSION
x | -1 -10 =100 -1000 -10,000 --- | As x — —oo the value of 1/x
1/x | -1 -0.1 =001 -=0.001 -0.0001 --- | increases toward zero.
X 1 10 100 1000 10,000 -+ | As x — +oo the value of 1/x
1/x 1 0.1  0.01 0.001 0.0001 --- | decreases toward zero.

The end behavior of a function f when

.‘I._F

Haorizontal asymptote

¥=flx)

y=L

L

lim f(x)=L or

X —+ o

lim f(x) =L

rd
=1
¥=x3
X I
.I. >
L 1
Ll X
F o
1
V= X
lrll——-_
| X
& >
X

y=1L o

Harizontal asﬁn ptote i

¥

Dr. Muhammad Yousaf , CIIT Islamabad
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"LIMITS OF PIECEWISE-DEFINED FUNCTIONS

T T
Example lim tan™'x ==  and lim tan™'x = == —
x— 4o ’ X—»—omo 2 -3
so the line y = 7/2 is a horizontal asymptote for f in the positive direction and the line y=tanl x
vy = —m/2 is a horizontal asymptote in the negative direction. Ay
5L
)" 1" Al
Example lim (I + —) —¢e and lim (I + —) =e T
X —+om X x——m X e B
=g L
sothe line y = e 1s a horizontal asymptote for f in both the positive and negative directions. _ |, | | | e x
S5-4-3-2-1 | 1 23 453
. 1.3’
LIMIT LAWS FOR LIMITS AT INFINITY r=(t+3)
lim (f(x))" = ( [im f(x}) lim ( f(x))" = ( lim f{x})
X —* 4o X —= oo X—» —o X — —oo
lim kf(x)=4Fk lim f(x) lim kfix)=4k hm f(x) nisa pOSItIVG mteger
X — 4o X — 4o X — —o0 X — —o0
lim k=k lim K=k
X — oo X —» —oo

Dr. Muhammad Yousaf , CIIT Islamabad
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Examples | N | [\
lim — = ( lim —) =0 and lim — = ( lim —) =10
X —= oo _;‘-H X—=—4wm X X— —om X n X—=—m X

n is a positive integer

1\ 1\ =17
lim |1 +— )] = lm 1+ —
x—> o 2x x— o 2x
|2 1/2 |
= | lim (]—I—:—) —el'2 = /e
x — o 2x

INFINITE LIMITS AT INFINITY
If the values of f(x) increase without bound as

X — 400 or as x — —. then we write

lim f(x) =49 or lim f(x) = 4w
X — oo X —» —ao
as appropriate; and if the values of f(x) decrease without bound as x — 4o or as
x — —oo, then we write

lim f(x)=—o or lm f(x)=—w

X — oo X —» —

as appropriate.
21
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LIMITS OF x" AS X — +=

Iim x"=4w, n=1,2,3,...
X—++m|
4V ¥
B B
[ y=x - y=¥
L1 Y L1 Ly
—4 4 -4 A
—a bk b
lim x= +eo lim x° = +e=
X— 4o N—¢+oan
lim x=—oo lim x° = 4o
X—p—n K—s—oe
lim 2x7 = oo,
Examples x— 4o

lim —7x° = —oo,
X —» 400

| | X | |
—4 " —4
_E - _E I
lim x° = 4o lim ¥t =+
X = X—ton
lim x° = e lim x* =+4eo
K—r— K—p—

lim 2x” = —oo

X —+ —oo

lim —7x% = —=
X— —w

Dr. Muhammad Yousaf, CIIT Islamabad
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“LIMITS OF POLYNOMIALS AS X — £
The end behavior of a polynomial matches the end behavior of its highest degree

term. More precisely, if ¢, # 0, then
lim (co+cix+ - +ex") = lim ¢,x"
lim (co+cix+ -+ cpx") = lim ¢, x"
X — oo X — 4o
Examples _
lim (7x° —4x +2x —9) = lim 7x° = -
lim (—4x® +17x° —=Sx + 1) = lim —4x® = —e
LIMITS OF RATIONAL FUNCTIONS AS x — 4=
3 5
Example ., im ; i -
Solution. T
342 fim (342 lim 34+ lim 2 345 lim -
lim S lim - _ X AT AN T T T 340
e B — __x—}- - = = 8 = ] = — :;
e bx =8 e lim (6—§) lim 6— lim — 6—-8 lim — 6-0 2
X X — oo X xX— 4w x— 4w y x— 4w X
23
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A QUICK METHOD FOR FINDING LIMITS OF RATIONAL FUNCTIONS AS X — +=

OR X — —=x
The end behavior of a rational function matches the end behavior of the quotient of
the highest degree term in the numerator divided by the highest degree term in the

denominator.

3x )
lim — =

Examples . 3x 45 :
l[im = lim — =
x—t2 x —8  x—t=Ox x>t
dx? — x 4x? 2
A5 T = =0
R S Py , 5x3 _ S,
l[im = lim = |im (——,x'“) = —m
x— 4= | — 3x x—=+m (=3x) r—=+4= 3
LIMITS INVOLVING RADICALS
Example S
lim -
x——= 3x —0
1 .r"l.l 2 7 -"; 2 2 lII 2
Solution. s VXt 2 Va4 42
im Y2 ] . Vil S T S
lim —— = lim = lim — = lim — = ——
X — — 3] — f} X — —o 3} — 'f} X — — 3/‘ — f.} A= f} %
34—
(—x) X
24
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Example

Solution.

lim (vx® 4+ 5x3 — x%)

lim (vx6 4+ 5x3 — x7)

(x% 4+ 5x%) — x®

x4 fx6 £ 540 4 3 x

lirﬂm(\Ixﬁ + 543 —x%)
x—

Va5 7

5

3_ y:i

1L

1L

| | | |
-1 1 2 3 4
-1
y=y +ir - xz0

X0 4 5x3 4 X3

_ 5x°
lim
— 4o ,l"xﬁ_l_s_x} +.I3

Vit =xlforx =0

X — 4w 5
14+ +1
X

V1I+0+4+1
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END BEHAVIOR OF TRIGONOMETRIC, EXPONENTIAL,

AND LOGARITHMIC FUNCTIONS
lim Inx = 4 lim & = 4+
x— oo x— 40
There is no limit as
X — too OF X — —oo,
rF
y=g" ///
//’
-
4
s
Iy
/o
’
// in
=lnx
// ’
Py
-_-)///_/f
’
v
-
lim e =0 lim ¢ = 4=
x—» oo X—+ —0

26
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CONTINUITY

\d

Definition: A function f is said to be continuous at X = ¢ provided the
following conditions are satisfied:

JL_I:”

L.

]

fad

f(c) is defined.

lim f(x) exists.

X—*C

lim f(x) = f(c).

JL_I:”

JL_I:”

y= (%)

JL_I:”

m~ f—— ——

(a)

function 1s not defined at c.

|
I
I
I
c

I
I
|
T
I
I
I
|
|
[ 5

) . . @@
Jjump discontinuity at ¢ Infinite discontinuity at c.

(d)

removable discontinuity at c.

27
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Example

Determine whether the following functions are continuous at x = 2.

2 2 ;

, x-—4 x=—4

-4 X 2 , 2

floy =1 S g =1x-2 X 7 hy=4x=2' “7
T 3, x =2, 4, x =2
: 2_4
Solution. lim f(x) = lim g(x) = lim h(x) = Iimzx = lmix+2)=4
x—2 x—2 x—=2 x—=2 =1/ x—2

The function f is undefined at x = 2, and hence is not continuous at X = 2

The function g is defined at x = 2, but its value there is g(2) = 3, which is not the
same as the limit as x approaches 2; hence, g is also not continuous at x = 2

The value of the function h at x =2 is h(2) = 4, which Is the same as the limit as
X approaches 2; hence, h is continuous at x = 2

A Y F o LY

h(2) =4, which is same as the
limit as x approaches 2;

hence, h is continuous at x = 2 .
We can write h(x) = x + 2.

4

L Y= u

¥=glx)

B ¥ =hix)

Dr. Muhammad Yousaf , CIIT Islamabad



——

~ Definition: A function f is said to be continuous on a closed interval [a, b]
If the following conditions are satisfied:
1. fis continuous on (a, b).
2. Tis continuous from the right at a.
3. fis continuous from the left at b. 7

f is Continuous at the right endpoint of [a, b] because lim f(x) = }(m

¥ =fx

L

r—

It is not continuous at the left endpoint because lim_ f(x) # f(a)

fis continuous from the leftatc if ~ m /() = f()

f is continuous from the right at ¢ if M. /() =7(©

Example: What can you say about the continuity of the function

AJ
Solution. flx) = V9 —x2 Ifeis an_}-' point in the interval -{—3. 3) ERs
lim f(x) = lim Vo =22 = [lim (9 —»?) = V9 - = f(©) il
lim f(x) = lim v9—x2= [lim (9 —x2)=0= f(3) S il I
x— 3= x—3- Vaxo3- 3 2 1 . 2 3
Ilin_]3+ flx) = x_ljll]j VI —x?= \,,-";lei,ll]ﬁ O—x)=0= f(-3)

-

Thus. f is continuous on the closed interval [—3, 3

29
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SOME PROPERTIES OF CONTINUOUS FUNCTIONS

Theorem: If the functions f and g are continuous at c, then

(a) f + g Is continuous at c.

(b) f — g is continuous at c.

(c) f g is continuous at c.

(d) f/gis continuous at c if g(c) # 0 and has a discontinuity at c if

g(c) =0.

CONTINUITY OF POLYNOMIALS AND RATIONAL FUNCTIONS
If p(x) is a polynomial and a is any real number, then
lim p(x) = p(a)
Theorem: T
(a) A polynomial is continuous everywhere.
(b) A rational function is continuous at every point where the denominator is

nonzero, and has discontinuities at the points where the denominator is zero.

30
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Example: For what values of x is there a discontinuity in the graph of
L xt=9 5
T oxr=5x 46
Solution. The function being graphed is a rational function, and hence is
continuous at every number where the denominator is nonzero.
Solving the equation

Y —Sx+6=0 g
]
4

yields discontinuitiesatx =2 and at x = 3

iy .
-
=
L

——— e e e e

Example: Show that |x| is continuous everywhere B _2__. N
_ e o F
Solution. x it x>0 o
x| = 0 if x=0 o r

—x if x <=0 .

The polynomial x on (0,+= ) and is the same as the

polynomial —x on (— =, 0). But polynomials are continuous everywhere, so
X = 0 is the only possible discontinuity for

Iimﬂ x| =0 0] =0

X —*
lim |x]= lim x=0 and Im |x|]= lim (—=x)=0

x—= 0t x— 0t x—0- x— 0

31
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~ CONTINUITY OF COMPOSITIONS
Theorem: Iflim,_, . g(x) = L and if the function f is continuous at L, then
lim, . f(g(x)) = f(L). That is,
lim f(g(x)) = f( Iimqg{,x']l)

This equality remains valid if lim,_. . is replaced evervwhere by one of lim, _ -+,

limy — o, limy s 4oy or limy ..
Example: lim |g(x)| = ‘Iim g{,x'}‘
provided lim, _, . g(x) exists. Thus, for example,
: lim |5 —x%| = |lim(5 —x%)|=|—4| =4
Theorem: 5 == | im & =29 ] = =4

(a) If the function g is continuous at ¢, and the function f is continuous at g(c),
then the composition f og Is continuous at c.

(b) If the function g is continuous everywhere and the function f is continuous
everywhere, then the composition f og is continuous everywhere.

The absolute value of a continuous function is continuous.
Example:

g(x) =4 —x* js continuous everywhere, so

1
NN N (S N N N S N

4 —x*l js also continuous everywhere. N I
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: TINUITY OF TRIGONOMETRIC, EXPONENTIAL,
AND INVERSE FUNCTIONS:

(Weose, Anc)
lim sinx =sinc and lim cosx = cosc N
X—C X—C .
c Fleos x, sin x)
) ~ sinx sin ¢ x
lim tan x = lim = =tanc  cosc # ()
= X—c COS X COsC

Theorem: If c is any number in the natural domain of the stated trigopnometric
function, then

lim sinx = sin¢ lim cosx = cosc [im tanx =tanc¢
X— X —= X—=C
lim cscx =csce lim sec x = secc [im cot x = cot ¢
X —C X — X —C
Example: Find the limit _ X2
lim cos
x—1 x — 1

Solution. _. _ . . :
Since the cosine function is continuous everywhere, it follows from Theorem

lim cos(g(x)) = cos ( IimI gu‘})

¥ —s

provided Iiml g(x) exists. Thus,
X —

.
_ x- — 1 ] . .
lim cos = limcosix +1)=cos| im(x + 1)) =cos?2
r—=1 X — ] x—= 1 X — 3
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CONTINUITY OF INVERSE FUNCTIONS

Theorem: If f is a one-to-one function that is continuous at each point of its
domain, then /=" is continuous at each point of its domain; that is, /'
IS continuous at each point in the range of f.

Example: Use Theorem to prove that sin~'x s continuous on the interval

-1, 1].

Solution. -1 js the inverse of the restricted sine function whose domain
is the interval [—7z/2, n/2] and whose range is the interval [-1, 1]. Since
Sin x is continuous on the interval [—n/2, n/2], Theorem implies

sin™! x IS continuous on the interval [—1, 1].

34
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Theorem: Leth = 0,b # 1.
(a) The function b* is continuous on (—so, 4w).

(b) The function logy, x is continuous on (0, 4o0).

. . s -1 . In x .
Example: Where is the function s = “*—* continuous.

Solution.

The fraction will be continuous at all points where the numerator and
denominator are both continuous and the denominator is nonzero.

Since ' * js continuous everywhere and In x is continuous if x > 0, the
numerator is continuous if x > 0. The denominator is continuous everywhere, so

the fraction will be continuous at x > 0 and the denominator is nonzero. Thus, f
IS continuous on (0, 2) and (2, +=).

35
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Theorem:(The Squeezing Theorem)
Let f, g, and h be functions satisfying

5 —_-————

8(x) =f(x) = h(x)

for all x in some open interval containing the number c, with the possible
exception that the inequalities need not hold at c. If g and h have the same limit

as X approaches c,say

lim g(x) = lim h(x) =L

X—=C X—>C
then f also has this limit as x approaches ¢, that is, Jm /() =L
Example: lim 2o~ — 1
. =0 X L1 L]
Solution. ~2n
1 _ I . 1 "
;huu = X = 5 Sin.x (1. tan %) y
= = = 4/,_.1..- (cos x, sin x) Vi
] - X - 1 /,/‘x I // tan x /”!/
cosx — sinx — m Ax Ax
: 1 1
Ccosx < S < | . Area of triangle =  Area of sector 2=
‘ o X o tan x . X .
limcosx=1 and Ilml =1 Z B 2 B
x— 0 x—10 ;
. sinx
lim =1
x—=0 X Dr. Muhammad Yousaf , CIIT Islamabad
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,-_f 3_1’ kY

} 30X
1

Area of triangle
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x—1 X

1
—1 < sin (—) =1
X

it follows that if x £ 0, then

. 1
Example- lim xsin (—)

Solution.

= X zin L
—|x| < xsin (1) < |x] roxald
X

Since |x|— 0 as x =0,

The inequalities and Theorem imply that

1
lim x sin (—)
x—= 0 X
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